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Abstract: 
 a total and antisymmetric subset 𝐷 of a subset of a group 𝑋 is 

called a nonnegativity domain of 𝐴,  the non-negativity domain of 
subsets of additive groups are investigated in [8]. In this paper we will 
compare the non-negative domain with the positive cone, which is a 
subset of a partially ordered group 𝐺, positive cone defined as  

𝐺+ = 𝑈(𝑒) = {𝑥 ∈ 𝐺: 𝑥 ≥ 𝑒}  of all positive (integral) elements of G.  
However, in order to make nonnegativity domains comparably with 
positive cones, we shall discuss nonnegativity domains for multiplicative 
groups. glavosits sza’z defined the non-negativity domains as a subset 
of the group, it is not necessary for nonnegativity domain to be total in 
the group itself which distinguishes it from what is called a positive cone.  

This paper contains some basic material as preorder (or 
quasiorder) relations, definitions and properties of partially ordered sets, 
partially ordered relation, equivalent relation, lattice sets, convex sets 
and directed sets.   

We also investigated ordered relations determined by subsets of 
groups having some spatial of properties. 
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(multiplicative groups)   

(preorder relation or quasiorder relation)    

group)   (partially ordered    (convex set )جزئيا 

 directed set ) (lattice). 

1. Some definitions on groups and ordered sets: 
Definition 1.1 

[𝟏𝟏]. A partial order on a nonempty set  𝑆  is a relation 𝜌  on 𝑆 such 
that the following axioms are satisfied: 

𝜌 is reflexive 

 𝑥𝜌𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑆. 
𝜌 is anti-symmetric 
𝑖𝑓 𝑎, 𝑏 ∈ 𝑆 𝑤𝑖𝑡ℎ 𝑎𝜌𝑏 𝑎𝑛𝑑 𝑏𝜌𝑎, 𝑡ℎ𝑒𝑛 𝑎 = 𝑏. 
𝜌  is transitive  

𝑖𝑓 𝑎, 𝑏, 𝑐 ∈ 𝑆, 𝑤𝑖𝑡ℎ 𝑎𝜌𝑏 𝑎𝑛𝑑 𝑏𝜌𝑐, 𝑡ℎ𝑒𝑛 𝑎𝜌𝑐 . 
Definition 1.2. 

a partially ordered set is a set 𝑆 together with a partial order relation 
𝜌 on 𝑆. 
Definition 1.3. 

 a preorder relation on a nonempty subset 𝐴 is a relation 𝜌 on 𝐴 
such that the following axioms are satisfied: 

The relation 𝜌 is reflexive 𝑥𝜌𝑥 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑆. 
𝜌 is transitive. 𝑖𝑓 𝑎, 𝑏, 𝑐 ∈ 𝑆, 𝑤𝑖𝑡ℎ 𝑎𝜌𝑏 𝑎𝑛𝑑 𝑏𝜌𝑐, 𝑡ℎ𝑒𝑛 𝑎𝜌𝑐 . 
a preorder relation is also called quasiorder relation, cf.Birkhff [1]  
a preorder relation induces an equivalence relation (~) on  𝐴. 

Definition 1.4. 

 [𝟗]:  A semigroup is a nonempty set  𝐺  together with an associative 
binary operation in  𝐺 . A semigroup 𝐺  is said to be abelian or 

commutative, if its binary operation is commutative this means 𝑎𝑏 = 𝑏𝑎 
for all         𝑎, 𝑏 ∈ 𝐺 . 
Definition 1.5. 
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[𝟔]: the center of a group 𝐺 is defined by: 
 𝑧(𝐺) = {𝑧 ∈ 𝐺: 𝑧𝑔 = 𝑔𝑧  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑔 ∈ 𝐺}  

Definition 1.6. 

[𝟓]: let  𝐺 be a group.  𝐺 is called a tortion group. if every element of  𝐺 is 

of finite order.  While  𝐺 is torsion-free, if all elements, except for the neutral 

element {𝑒}, are of infinite order 

From Sza’z ⌊8⌋, we have the following definitions 

Definition 1.3.4.: 

 let X be a group. for any A, B ⊆ X, we defined  

𝐴−1 = {𝑥−1: 𝑥 ∈ 𝐴}𝑎𝑛𝑑 𝐴 𝐵 =  {𝑥 𝑦: 𝑥 ∈ 𝐴, 𝑦 ∈ 𝐵} 

Definition 1.7. 

 let G be a group and A is subset of the group G, A is called symmetric if 

𝐴−1 ⊆ 𝐴 

Definition 1.8. 

let G be a group and A is a subset of the group G. A is called antisymmetric 

if A ∩ 𝐴−1 ⊆  {𝑒}. 

Definition 1.9. 

 let A be a subset of a group G, and B is a subset of A.B is called total in 

A, if A =B∪ 𝐵−1. 

Definition 1.10. 

 [7] a directed group is a partially ordered group which satisfies one, and 

hence all of the following statements 

1. 𝐺 is upper directed set, i,e. for any 𝑎, 𝑏 ∈ 𝐺, there exists an upper 

bound of  {𝑎, 𝑏}, 𝑈(𝑎, 𝑏) ≠ 𝜙. 

2. 𝐺 is lower directed set, i,e. for any 𝑎, 𝑏 ∈ 𝐺, there exists a lower 

bound of  {𝑎, 𝑏}, 𝐿(𝑎, 𝑏) ≠ 𝜙. 

3. 𝐺  is directed set, i,e. for any 𝐺  is  upper directed and lower 

directed  of   

𝑈(𝑎, 𝑏) ≠ 𝜙, 𝐿(𝑎, 𝑏) ≠ 𝜙. 

Definition 1.11. 

 A lattice – ordered groups which is a lattice under its order.   

2. Some properties of Nonnegativity domains: 
Definition 2.1. 

[7] a total and antisymmetric subset 𝐷 of a subset 𝐴 of a group 𝑋 is called 

a nonnegativity domain of 𝐴 . 

This means 𝐷  is a nonnegativity domain, if 𝐷 ∩  𝐷−1  ⊆  {𝑒}  and 𝐷 ∪
𝐷−1 = 𝐴 

Definition 2.2. 

 A nonnegativity domain  𝐷 of  𝐴 is called multiplicative, if 

𝐷𝐷 ⊆  𝐷.  
Definition 2.3. 
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 A nonnegativity domain 𝐷 of 𝐴 is called normal, if 𝐷𝑥 ⊆  𝑥𝐷, 
for all  𝑥 ∈ 𝐴 . 

Example 2.4. 

 𝑅+= 𝑅+ ∪ {0} and 𝑅+= (0, +∞) are additive non-negative domains of the 

additive group R of all real numbers and the subset 𝐴 = 𝑅 − {0}, respectively.  

Example 2.5. 

 Consider the group R − {0} with the usual multiplication.  

Let 𝐷1 = (0,1)  and 𝐷2 = (−1, 0) . Then                                                                                              

𝐷1 is a nonnegativity domain of  (0, ∞)                                                                       
 𝐷2 is a nonnegativity domain of {(−∞, 0) –  1}   

𝐷1 ∪ 𝐷2 is a nonnegativity domain of  𝑅 − {0, −1}  

𝐷1 , 𝐷1 ∪ 𝐷2 are multiplicative, but 𝐷2 is not  

Example 2.6. 

 Let G = {(
𝑎 𝑏
𝑐 𝑑

) : 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑅, 𝑎𝑑 − 𝑐𝑏 ≠ 0}  

Then D = {(
𝑢 0
0 𝑣

) : 1 < 𝑢, 𝑣 < ∞} is a nonnegativity domain of  

A = {(
𝑥 0
0 𝑦

) : 𝑥, 𝑦 ∈ (0,1) 𝑜𝑟 𝑥, 𝑦 ∈ (1, ∞)}  

Proof- Since 𝐷−1 = {(
𝑢 0
0 𝑣

) : 0 < 𝑢, 𝑣 < 1}, then                                                    

𝐷 ∩ 𝐷−1 = ∅ ⊆ {𝑒} = {(
1 0
0 1

)} and 𝐷 ∪ 𝐷−1 = 𝐴 

Theorem 2.7. If D is a nonnegativity domain of a subset A of a group G 

then 𝑒 ∈ 𝐷 if and only if 𝑒 ∈ 𝐴. Therefore if 𝑒 ∈ 𝐴, then 𝐷 ∩ 𝐷−1 = {𝑒}  

Proof- Since 𝐷 ⊆ 𝐴, if 𝑒 ∈ 𝐷, then 𝑒 ∈ 𝐴. Conversely, if 𝑒 ∈ 𝐴, then 

 𝑒 ∈ 𝐷 ∪ 𝐷−1. 

This means 𝑒 ∈ 𝐷  or 𝑒 ∈ 𝐷−1 . However, 𝑒 ∈ 𝐷  implies 𝑒 = 𝑒−1 ∈ 𝐷−1 

and      

𝑒 ∈ 𝐷−1 implies that 𝑒−1 = 𝑒 ∈ (𝐷−1)−1 = 𝐷. Therefore {𝑒} ⊆ 𝐷 ∩ 𝐷−1. 

By antisymmetry of D, we have 𝐷 ∩ 𝐷−1 ⊆ {𝑒}. Consequently 𝐷 ∩ 𝐷−1 = {𝑒}. 

Theorem 2.8 Let 𝐷 be a nonnegativity domain of a subset 𝐷 of a group 𝐺  

If 𝑒 ∈ 𝐷 and 𝐷 is multiplicative, then 𝐷𝐷 = 𝐷 

Proof- If 𝑒 ∈ 𝐷 , then we also have 𝐷 = 𝑒𝐷 ⊆ 𝐷𝐷 . If 𝐷  is in addition 

multiplicative, then 𝐷𝐷 ⊆ 𝐷 Therefore 𝐷𝐷 = 𝐷  

Theorem 2.9 If  𝐷 is a nonnegativity domain of a subset 𝐴 of a group 𝐺, 

then 𝐴 is a symmetric subset of  𝐺.  
Proof- To prove 𝐴 is symmetric, let 𝑥 ∈ 𝐴−1 , then 𝑥−1 ∈ 𝐴. Since 𝐴 =

𝐷 ∪ 𝐷−1, then 𝑥−1 ∈ 𝐷 ∪ 𝐷−1, i.e 𝑥−1 ∈ 𝐷 or 𝑥−1 ∈ 𝐷−1. If 𝑥−1 ∈ 𝐷, then 𝑥 ∈
𝐷−1 , consequently 𝑥 ∈ 𝐴 . If 𝑥−1 ∈ 𝐷−1  , then 𝑥 ∈ 𝐷 , therefore 𝑥 ∈ 𝐴 . Thus 

𝐴−1 ⊆ 𝐴. Then  𝐴 is a symmetric subset of  𝐺 . 
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Theorem 2.10.  Let 𝐷 be a nonnegativity domain of a subset  𝐴 of a group 

 𝐺 , if  𝐷 is normal in 𝐴 , then 𝐷𝑥 = 𝑥𝐷 and 𝐴𝑥 = 𝑥𝐴 for all 𝑥 ∈ 𝐴  

Proof- Since  𝐷 is normal in 𝐴 , then 𝐷𝑥 ⊆ 𝑥𝐷, for all 𝑥 ∈ 𝐴. From 

Theorem 2.11. A is symmetric, consequently, 𝑥−1 ∈ 𝐴 for all 𝑥 ∈ 𝐴.  

Therefore 𝐷𝑥−1 ⊆ 𝑥−1𝐷 . By using the cancellation laws, we get 

𝑥(𝐷𝑥−1)𝑥 ⊆ 𝑥(𝑥−1𝐷)𝑥 . Thus 𝑥𝐷 ⊆ 𝐷𝑥.  Therefore 𝑥𝐷 = 𝐷𝑥  for all  𝑥 ∈ 𝐴. 
Consequently 𝑥−1𝐷 = 𝐷𝑥−1 for all 𝑥 ∈ 𝐴 . Therefore, we also have  𝐷−1𝑥 =
{𝑦−1𝑥: 𝑦 ∈ 𝐷} = {(𝑥−1𝑦)−1: 𝑦 ∈ 𝐷} = (𝑥−1𝐷)−1 = (𝐷𝑥−1)−1 = 𝑥𝐷−1.  

Thus 𝑥𝐴 = 𝑥(𝐷 ∪ 𝐷−1) = 𝑥𝐷 ∪ 𝑥𝐷−1 = 𝐷𝑥 ∪ 𝑥𝐷−1𝑥 = (𝐷 ∪ 𝐷−1)𝑥 =
𝐴𝑥 . 

Lemma 2.12.  Let 𝐴, 𝐵 be subsets of the group 𝐺. We have the following 

statements:  

𝑖. (𝐴 ∩ 𝐵)−1 = 𝐴−1 ∩ 𝐵−1  

𝑖𝑖. (𝐴 ∪ 𝐵)−1 = 𝐴−1 ∪ 𝐵−1  

𝑖𝑖𝑖. (𝐴−1)−1 = 𝐴   

Proof . (𝐴 ∩ 𝐵)−1 = {𝑥−1: 𝑥 ∈ 𝐴 ∩ 𝐵} = {𝑥−1: 𝑥 ∈ 𝐴 𝑎𝑛𝑑 𝑥 ∈ 𝐵}  

 = {𝑥−1: 𝑥 ∈ 𝐴} ∩ {𝑥−1: 𝑥 ∈ 𝐵} = 𝐴−1 ∩ 𝐵−1 

           𝑖𝑖. (𝐴 ∪ 𝐵)−1 = {𝑥−1: 𝑥 ∈ 𝐴 ∪ 𝐵} = {𝑥−1: 𝑥 ∈ 𝐴 𝑜𝑟 𝑥 ∈ 𝐵}  

 = {𝑥−1: 𝑥 ∈ 𝐴} ∪ {𝑥−1: 𝑥 ∈ 𝐵} = 𝐴−1 ∪ 𝐵−1                                     

        𝑖𝑖𝑖. (𝐴−1)−1 = {𝑥−1: 𝑥 ∈ 𝐴−1} = {𝑥−1: 𝑥−1 ∈ 𝐴} = {𝑦: 𝑦 ∈ 𝐴} = 𝐴 .  

Theorem 2.13.  If D is a nonnegativity domain of a subset A of a group G, 

B is a symmetric subset of A and 𝐸 = 𝐷 ∩
𝐵, 𝑡ℎ𝑒𝑛 𝐸 𝑖𝑠 𝑎 𝑛𝑜𝑛𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝐵.  

Proof 𝑊𝑒 𝑝𝑟𝑜𝑣𝑒 𝐸 ∪ 𝐸−1 = 𝐵 𝑎𝑛𝑑 𝐸 ∩ 𝐸−1 = {𝑒}. 
 𝐿𝑒𝑡 𝑥 ∈ 𝐸 ∪ 𝐸−1 𝑡ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑥 ∈ 𝐸 𝑜𝑟 𝑥 ∈ 𝐸−1.   If 𝑥 ∈ 𝐸, since 𝐸 ⊆

𝐵. This means  

𝑥 ∈ 𝐵……. (1) 

If 𝑥 ∈ 𝐸−1, then 𝑥 ∈ 𝐵−1. Since B is symmetric, then 𝑥 ∈ 𝐵…… (2)   

From (1) and (2) we get 𝐸 ∪ 𝐸−1 ⊆ 𝐵. 
If  𝑥 ∈ 𝐵, then 𝑥 ∈ 𝐸 or  𝑥 ∉ 𝐸. 

If  𝑥 ∈ 𝐸, then 𝑥 ∈ 𝐸 ∪ 𝐸−1……… (1)  

If 𝑥 ∉ 𝐸, since 𝐸 = 𝐷 ∩ 𝐵 and  𝐷 ∩ 𝐷−1 ⊆ {𝑒}, then 𝑥 ∈ 𝐷−1  

Consequently 𝑥−1 ∈ 𝐷.  Since 𝑥 ∈ 𝐵,  then 𝑥−1 ∈ 𝐵−1 . Since B is 

symmetric, then 𝑥−1 ∈ 𝐵 . Therefore 𝑥−1 ∈ 𝐷 ∩ 𝐵  i.e 𝑥−1 ∈ 𝐸.  Consequently 

𝑥 ∈ 𝐸−1. Hence from (1) and (2) we get 𝐵 ⊆ 𝐸 ∪ 𝐸−1.  

Therefore 𝐵 = 𝐸 ∪ 𝐸−1.  𝐸 ∩ 𝐸−1 ⊆ 𝐷 ∩ 𝐷−1 ⊆ {𝑒} 

 Example 2.14. By theorem 3.1.9, we have 𝑍⊕ = 𝑍 ∩ 𝑅⊕and 𝑄⊕ = 𝑄 ∩
𝑅⊕ are additive non-negativity domains of the additive groups Z and Q of all 

integer and rational numbers, respectively.  
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Theorem 2.15. If D is a non-negativity domain of a subset A of a group X, 

then 𝐸 = 𝐷−1  is also a non-negativity domain of A. Moreover, if D is a 

multiplicative (normal in A), then E is also multiplicative (normal in A).  

Proof. Since D is a non-negativity domain, then 𝐷 ∩ 𝐷−1 ⊆ {𝑒} and 𝐷 ∪
𝐷−1 = 𝐴  

Since 𝐸 = 𝐷−1 , then 𝐸−1 = 𝐷.  This means 𝐸−1 ∩ 𝐸 ⊆ 𝑒 , 𝐸−1 ∪ 𝐸 = 𝐴. 

Thus, 𝐸 is a non-negativity domain of 𝐴  

 To prove  𝐸  is a multiplicative, let 𝑥 ∈ 𝐷−1𝐷−1,  then 𝑥 = 𝑑1
−1𝑑2

−1  for 

some 𝑑1, 𝑑2 ∈ 𝐷 . Thus 𝑥−1 = 𝑑2𝑑1 ∈ 𝐷𝐷 ⊆ 𝐷 , then 𝑥−1 ∈ 𝐷,  consequently 

𝑥 ∈ 𝐷−1. So 𝐷−1𝐷−1 ⊆ 𝐷−1. This means E 𝑒 ∈ 𝐷 is a multiplicative.  

 To prove E is a normal in A, we have 𝑥𝐷 ⊆ 𝐷𝑥, for all 𝑥 ∈ 𝐴.  

Show 𝑦𝐷−1 ⊆ 𝐷−1𝑦 for all 𝑦 ∈ 𝐴. Let 𝑥 ∈ 𝑦𝐷−1, we have 𝑥 = 𝑦𝑑−1, for 

some 𝑑 ∈ 𝐷 . Now multiply by 𝐷  we get 𝑦 = 𝑥𝑑,  then 𝑦 ∈ 𝑥𝐷 , since 𝐷  is a 

normal, then 𝑦 ∈ 𝐷𝑥 . This means there exists 𝑑∗ ∈ 𝐷  such that 𝑦 = 𝑑∗𝑥, 
consequently  

𝑥 = (𝑑∗) −1𝑦. This means 𝑥 ∈ 𝐷−1𝑦. Thus 𝑦𝐷−1 ⊆ 𝐷−1𝑦.  
Theorem 2.16.  If D and E are non-negativity domains, of a subset A of a 

group X, with 𝑒 ∈ 𝐴, such that 𝐷 ⊂ 𝐸, then 𝐷 = 𝐸  

Proof. If 𝑥 ∈ 𝐸 , since 𝐸 ⊂ 𝐴 = 𝐷 ∪ 𝐷−1. We have either 𝑥 ∈ 𝐷  or 𝑥 ∈
𝐷−1.  

If 𝑥 ∈ 𝐷−1,  then 𝑥−1 ∈ 𝐷  since 𝐷 ⊂ 𝐸, then 𝑥−1 ∈ 𝐸, Consequently 𝑥 ∈
𝐸−1 

Therefore 𝑥 ∈ 𝐸 ∩ 𝐸−1 ⊆ {𝑒}. Thus 𝑥 = 𝑒, then 𝑥 ∈ 𝐷.  

Therefore 𝐸 ⊂ 𝐷 is also true. Consequently 𝐸 = 𝐷 . 

Theorem 2.17. If A and B are symmetric subsets of the group X and Y, 

respectively E is a non-negativity domain of B and f is an odd function of A into 

B such that 𝑒 ∉ 𝑓(𝐴/{𝑒}), then 𝐷 = 𝑓−1(𝐸) is a non-negativity domain of A  

Proof Let 𝑥 ∈ 𝑓−1(𝐸−1)  then 𝑓(𝑥) ∈ 𝐸−1 . This means (𝑓(𝑥)) −1 ∈ 𝐸. 
Since f is odd, then 𝑓(𝑥−1) ∈ 𝐸.  Consequently 𝑥−1 ∈ 𝑓−1(𝐸),  this means 𝑥 ∈
(𝑓−1(𝐸))−1. Conversely, if 𝑥 ∈ (𝑓−1(𝐸))−1 , then 𝑥−1 ∈ 𝑓−1(𝐸). This means 

𝑓(𝑥−1) ∈ 𝐸. Consequently (𝑓(𝑥))−1 ∈ 𝐸 , i.e 𝑓(𝑥) ∈ 𝐸−1. Thus 𝑥 ∈ 𝑓−1(𝐸−1)  

Since 𝑒 ∉ 𝑓(𝐴\{𝑒}), we can see that 𝑥 ∈ 𝑓−1({𝑒}) , implies 𝑓(𝑥) =
𝑒 , then  

Theorem 2.18.  

𝑖𝑓 𝐴 𝑎𝑛𝑑 𝐵 𝑎𝑟𝑒 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑝𝑠 𝑋 𝑎𝑛𝑑 𝑌, 
𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 𝐸 𝑖𝑠 𝑎 𝑛𝑜𝑛𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝐵 𝑎𝑛𝑑 𝑓 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝐴  

𝑖𝑛𝑡𝑜 𝐵 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑒 ∉ 𝑓(𝐴{𝑒}), 𝑡ℎ𝑒𝑛 𝐷
= 𝑓−1(𝐸) 𝑖𝑠 𝑎 𝑛𝑜𝑛𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝐴 

𝑷𝒓𝒐𝒐𝒇.  𝐿𝑒𝑡 𝑥 ∈ 𝑓−1(𝐸−1) 𝑡ℎ𝑒𝑛 𝑓(𝑥) ∈ 𝐸−1. 𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 (𝑓(𝑥))
−1

∈ 𝐸 . 𝑆𝑖𝑛𝑐𝑒 𝑓   
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𝑖𝑠 𝑜𝑑𝑑, 𝑓(𝑥−1) ∈ 𝐸 . 𝐶𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑙𝑦 𝑥−1 ∈ 𝑓−1(𝐸), 𝑡ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑥
∈ (𝑓−1(𝐸))−1.  

𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦 , 𝑖𝑓 𝑥 ∈ (𝑓−1(𝐸))−1 , 𝑡ℎ𝑒𝑛 𝑥−1 ∈ 𝑓−1(𝐸). 𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑓(𝑥−1)
∈ 𝐸 .   

𝐶𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑙𝑦 (𝑓(𝑥))−1 ∈ 𝐸 , 𝑖 . 𝑒 𝑓(𝑥) ∈ 𝐸−1. 𝑇ℎ𝑢𝑠 𝑥 ∈ 𝑓−1(𝐸−1) 

𝑆𝑖𝑛𝑐𝑒 𝑒 ∉ 𝑓(𝐴\{𝑒}) , 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑒𝑒 𝑡ℎ𝑎𝑡 𝑥 ∈ 𝑓−1({𝑒}), 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑓(𝑥) = 𝑒 , 𝑡ℎ𝑒𝑛  
𝑥 ∉ 𝐴{𝑒} , 𝑡ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑥 =

𝑒 . 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 , (𝑓−1(𝐸))−1, 𝑎𝑛𝑑 𝑓−1({𝑒})  ⊆ {𝑒}. 

  𝑆𝑖𝑛𝑐𝑒 𝐸 𝑖𝑠 𝑎 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝐵 . 𝑊𝑒 ℎ𝑎𝑣𝑒   
𝐴 = 𝑓−1(𝐵) =  𝑓−1(𝐸 ∪ 𝐸−1) = 𝑓−1(𝐸) ∪ 𝑓−1(𝐸−1)

= 𝑓−1(𝐸) ∪ (𝑓−1(𝐸))−1 

= 𝐷 ∪  𝐷−1 . 

𝑁𝑜𝑤 𝐷 ∩ 𝐷−1 = 𝑓−1(𝐸) ∩ (𝑓−1(𝐸))
−1

=  𝑓−1(𝐸) ∩ 𝑓−1(𝐸−1) = 

𝑓−1(𝐸 ∩ 𝐸−1) = 𝑓−1(𝑒)
⊆ {𝑒}.  𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝐷 𝑖𝑠 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝐴. 

We can also state: 

Corollary 2.19 

𝐼𝑓 𝐴 𝑎𝑛𝑑 𝐵 𝑎𝑟𝑒 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑟𝑜𝑢𝑝𝑠 𝑋 𝑎𝑛𝑑 𝑌 ,  
𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦, 𝐷 𝑖𝑠 𝑎 𝑛𝑜𝑛

− 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝐴 𝑎𝑛𝑑 𝑓 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑖𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒  
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝐴 𝑜𝑛𝑡𝑜 𝐵 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑓(𝑒) = 𝑒, 𝑖𝑓 𝑒 ∈ 𝐴, 𝑡ℎ𝑒𝑛 𝐸 = 𝑓(𝐷) 𝑖𝑠 𝑎  

𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝐵 .   
𝑃𝑟𝑜𝑜𝑓 . 𝑆𝑖𝑛𝑐𝑒 𝐷 𝑖𝑠 𝑎 𝑛𝑜𝑛

− 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝐴 𝑎𝑛𝑑 𝑓 𝑖𝑠 𝑜𝑑𝑑.  𝑊𝑒 ℎ𝑎𝑣𝑒    

𝐵 = 𝑓(𝐴) = 𝑓(𝐷 ∪ 𝐷−1) = 𝑓(𝐷) ∪ 𝑓(𝐷−1) 𝑓(𝐷) ∪ (𝑓(𝐷))
−1

= 𝐸 ∪ 𝐸−1. 

Now,  𝐸 ∩ 𝐸−1 = 𝑓(𝐷) ∩ (𝑓(𝐷))
−1

= 𝑓(𝐷) ∩ (𝑓(𝐷−1)) ⊆ 𝑓(𝐷 ∩

𝐷−1) ⊆ 𝑓(𝑒) = 𝑒 

Theorem 2.20. 𝑖𝑓 𝐷 𝑖𝑠 𝑎 𝑛𝑜𝑛 −
𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝑎 𝑠𝑢𝑏𝑠𝑒𝑡 𝐴 𝑜𝑓 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑋  
𝑎𝑛𝑑 𝑓 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑗𝑒𝑐𝑡𝑖𝑣𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑋 𝑖𝑛𝑡𝑜 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑌 , 𝑡ℎ𝑒𝑛   
𝐸 = 𝑓(𝐷)𝑖𝑠 𝑎 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝐵 = 𝑓(𝐴). 𝑀𝑜𝑟𝑒𝑒𝑣𝑒𝑟, 𝑖𝑓 𝐷 𝑖𝑠 𝑎 

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 (𝑛𝑜𝑟𝑚𝑎𝑙 𝑖𝑛 𝐴), 𝑡ℎ𝑒𝑛 𝐸𝑖𝑠 𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 (𝑛𝑜𝑟𝑚𝑎𝑙 𝑖𝑛 𝐵) 

𝑃𝑟𝑜𝑜𝑓. 𝑆𝑖𝑛𝑐𝑒 𝑓 𝑖𝑠 𝑎 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒, 𝑡ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 

 𝑓(𝑒)𝑓(𝑒) = 𝑓(𝑒), 𝑡ℎ𝑒𝑛 𝑓(𝑒) = 𝑒   

𝑊𝑒 𝑎𝑙𝑠𝑜 ℎ𝑎𝑣𝑒 𝑓(𝑥)𝑓(𝑥−1) = 𝑓(𝑒) = 𝑒.  𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑓(𝑥−1) = (𝑓(𝑥))
−1

  
          For all x 

From theorem 3.1.6 A is symmetric, and since  

𝐵−1 = (𝑓(𝐴))−1 = 𝑓(𝐴−1) = 𝑓(𝐴) = 𝐵  . Then B is symmetric by 

Corollary 3.1.12 we get, E is a non-negativity domain of B. 

To prove the remaining assertions, then  
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𝐸𝐸 = 𝑓(𝐷)𝑓(𝐷) = 𝑓(𝐷𝐷) ⊂ 𝑓(𝐷) = 𝐸  . Consequently, E is also 

multiplicative. If D is normal in A, then  

𝐸 = 𝑓(𝑥) = 𝑓(𝐷)𝑓(𝑥) = 𝑓(𝐷𝑥) ⊂ 𝑓(𝑥𝐷) = 𝑓(𝑥)𝑓(𝐷) = 𝑓(𝑥)𝐸. For all 

𝑥 ∈ 𝐴. 
Since 𝐵 = 𝑓(𝐴), we also have 𝐸𝑦 = 𝑦𝐸  for all 𝑦 ∈ 𝐵.  Therefore E is 

normal.  

3.the positive cone. 
After we studied the nonnegativity domain on multiplication groups to 

make it more comparably with positive cones, in this section we will talk about 

some properties of orderability on sets and groups which is related   with the 

concept of positive cone. 

  Definition 3.1. [7]: a partially ordered group is a set such that 

1. 𝐺  is a partially ordered set under a relation ≤ . 

2. 𝐺 is a group. 

3. 𝑎 ≤ 𝑏 implies 𝑎𝑐 ≤ 𝑏𝑐 and 𝑐𝑎 ≤ 𝑐𝑏  for all 𝑎, 𝑏, 𝑐 ∈ 𝐺. 

Remark. statement 3 is called the monotony law. 

Theorem 3.2 let 𝐺 be a partially ordered set. If  𝐺 is a group, then the 

following statements are equivalent: 

1. 𝑎 ≤ 𝑏 implies   𝑎𝑐 ≤ 𝑏𝑐 and 𝑐𝑎 ≤ 𝑐𝑏  for all 𝑎, 𝑏, 𝑐 ∈ 𝐺. 

2. 𝑎 ≤ 𝑏 implies   𝑐𝑎𝑑 ≤ 𝑐𝑏𝑑 and 𝑐𝑎 ≤ 𝑐𝑏  for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝐺. 

3. 𝑎 < 𝑏  implies   𝑐𝑎 < 𝑐𝑏 and 𝑎𝑐 < 𝑏𝑐  for all 𝑎, 𝑏, 𝑐 ∈ 𝐺. 

4. 𝑎 ≤ 𝑏 and   𝑐 ≤ 𝑑   imply 𝑎𝑐 ≤ 𝑏𝑑  for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝐺. 

5. 𝑎 < 𝑏 and   𝑐 < 𝑑   imply 𝑎𝑐 < 𝑏𝑑  for all 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝐺. 

       If 𝐺 is a partially ordered group under a partial ordered relation  

≤ , then 𝐺 together with the dual of ≤, then 𝐺 together with the dual of ≤  

(i.e. ≥) is a partially ordered group. 

          We may write the following alternative and equivalent definition: 

   Definition 3.3. a partially ordered group (p.o.group) is a set 𝐺 satisfying 

the          following axioms: 

1.There exists a partial ordered relation ≤ on the set 𝐺. 

2. 𝐺 is group. 

3.One (and, hence, all) of the statements of Theorem3.2. is satisfied.  

  Mutsushita [12] and Zaiciceva [14] considered the case when only the half 

of the monotony law, 𝑎 ≤ 𝑏 implies 𝑐𝑎 ≤  𝑐𝑏 for all 𝑎, 𝑏, 𝑐 ∈ 𝐺, in definition 2.1 

is assumed (see also Conrad [4] and Cohn [3]). 

A somewhat more general notion the partially ordered group has been 

studied by Britton and shepherd [2] under the name “almost ordered group”  

If condition 1 in the definition 2.1.6 is weakened, then we have. 

Theorem 3.4[7] let ≤ be a preorder relation on a group 𝐺 such that  

𝑎 ≤ 𝑏 implies 𝑐𝑎 ≤ 𝑐𝑏    and   𝑎𝑐 ≤ 𝑏𝑐  for all 𝑎, 𝑏, 𝑐 ∈ 𝐺. If a relation,  

Denoted by  ~, is defined on 𝐺 by  
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𝑥~𝑦  𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 ≤ 𝑦 𝑎𝑛𝑑 𝑦 ≤ 𝑥 ,   
Then 

(i) 𝑥~𝑦  𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥𝑦−1~𝑒(𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑦−1𝑥~𝑒) . 

(ii) 𝑥1~𝑦1 𝑎𝑛𝑑 𝑥2~𝑦2 𝑖𝑚𝑝𝑙𝑦 𝑥1𝑥2~𝑦1𝑦2 . 
(iii) 𝑇ℎ𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑐𝑒 𝑐𝑙𝑎𝑠𝑠 𝑁 = [𝑒] = {𝑥 ∈ 𝐺: 𝑥~𝑒} 

         𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝐺 . 

(iv) 𝐺
𝑁⁄ = {[𝑎]: 𝑎 ∈ 𝐺} = {𝑎𝑁: 𝑎 ∈ 𝐺}, 𝑖𝑛 𝑓𝑎𝑐𝑡, 𝑎𝑁 = [𝑎]  

              𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎 ∈ 𝐺, 𝑤ℎ𝑒𝑟𝑒 [𝑎] 𝑖𝑠 𝑡ℎ𝑒 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑐𝑙𝑎𝑠𝑠 𝑜𝑓 𝑎. 

(v)   𝐺 𝑁⁄ 𝑖𝑠 𝑎 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝑢𝑛𝑑𝑒𝑟 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 

            𝑖𝑛𝑑𝑢𝑐𝑒𝑑 𝑏𝑦  ≤ . 
Proof. 

(i)  Let 𝑥~𝑦 this means 𝑥 ≤ 𝑦 and 𝑦 ≤ 𝑥. Multiply by 𝑦−1. 

We get 𝑥𝑦−1 ≤ 𝑒 and   𝑒 ≤ 𝑥𝑦−1 . Thus 𝑥𝑦−1 ~𝑒. 
𝑐𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦  𝑥𝑦−1 ~𝑒, 𝑡ℎ𝑒𝑛  𝑥𝑦−1 ≤ 𝑒 and   𝑒 ≤ 𝑥𝑦−1  . 

Multiply by  𝑦, 𝑤𝑒 𝑔𝑒𝑡 𝑥 ≤ 𝑦 and   𝑦 ≤ 𝑥 ,i.e. 𝑥~𝑦. 
(ii) Let 𝑥1~ 𝑦1 and 𝑥2~ 𝑦2. Since 𝑥1~ 𝑦1, then 𝑥1 ≤  𝑦1 

and 𝑦1 ≤  𝑥1. 𝑆𝑖𝑛𝑐𝑒 𝑥2~ 𝑦2 𝑡ℎ𝑒𝑛 𝑥2 ≤  𝑦2 𝑎𝑛𝑑 𝑦2 ≤  𝑥2. 
𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑥1 ≤  𝑦1 𝑏𝑦 𝑥2, 𝑡ℎ𝑒𝑛  𝑥1 𝑥2 ≤  𝑦1 𝑥2 .  𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 

𝑥2 ≤  𝑦2 𝑏𝑦 𝑦1, 𝑡ℎ𝑒𝑛 𝑦1𝑥2 ≤  𝑦1 𝑦2. 𝑁𝑜𝑤  𝑥1𝑥2 ≤  𝑦1 𝑥2 

𝑎𝑛𝑑 𝑦1𝑥2 ≤  𝑦1 𝑦2 𝑖𝑚𝑝𝑙𝑦  𝑥1𝑥2 ≤  𝑦1 𝑦2 . 
𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑖𝑡 𝑐𝑎𝑛 𝑏𝑒 𝑠ℎ𝑜𝑤𝑛 𝑡ℎ𝑎𝑡 𝑥1𝑥2 ≥  𝑦1 𝑦2. 

𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒  𝑥1𝑥2 ≤  𝑦1 𝑦2 𝑎𝑛𝑑 𝑥1𝑥2 ≥  𝑦1 𝑦2 . 

𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠  𝑥1𝑥2 ~ 𝑦1 𝑦2. 

(iii) We shall prove that 𝑁 is a subgroup. Let 𝑥, 𝑦 ∈ 𝑁, then 𝑥~𝑒 and 

𝑦~𝑒. Then 𝑥 ≤ 𝑒, 𝑒 ≤ 𝑥, 𝑦 ≤ 𝑒 𝑎𝑛𝑑 𝑒 ≤ 𝑦.  
Then 𝑦−1 ≤ 𝑒, 𝑒 ≤ 𝑦−1.  Then 𝑥𝑦−1 ≤ 𝑥  𝑎𝑛𝑑 𝑥 ≤ 𝑥𝑦−1.  This together 

with 𝑥 ≤ 𝑒, 𝑒 ≤ 𝑥,  by the transitive law, imply that 𝑥𝑦−1 ≤ 𝑒, 𝑒 ≤
𝑥𝑦−1. 𝑇ℎ𝑢𝑠 𝑥𝑦−1~ 𝑒 𝑎𝑛𝑑 𝑥𝑦−1 ∈ 𝑁 𝑓𝑜𝑟𝑥, 𝑦 ∈
𝑁. 𝑇ℎ𝑒𝑟𝑓𝑜𝑟𝑒 𝑁 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑔𝑟𝑜𝑢𝑝. 

(iv) We will show that {𝑎𝑁: 𝑎 ∈ 𝐺} = {[𝑎]: 𝑎 ∈ 𝐺}. In fact, we will 

Show that  𝑎𝑁 = [𝑎] for all 𝑎 ∈ 𝐺.  Let  𝑦 ∈ 𝑎𝑁. Then  

𝑦 = 𝑎𝑥 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑥 ∈ 𝑁. Since 𝑥 ≤ 𝑒 and 𝑥 ≥ 𝑒,  then 

 𝑦 = 𝑎𝑥 ≤ 𝑎𝑒  and 𝑦 = 𝑎𝑥 ≥ 𝑎𝑒. Then 𝑦~𝑎 and 𝑦 ∈ [𝑎].  
𝑎𝑁 ⊆ [𝑎]. 

𝑜𝑛 𝑡ℎ𝑒 ℎ𝑎𝑛𝑑, 𝑖𝑓 𝑦 ∈ [𝑎], 𝑡ℎ𝑒𝑛 𝑦 ≥ 𝑎 𝑎𝑛𝑑 𝑦 ≤ 𝑎. 𝑇ℎ𝑒𝑛 𝑎−1𝑦 ≥ 𝑒 

𝑎𝑛𝑑  𝑎−1𝑦 ≤ 𝑒. 𝑇ℎ𝑒𝑛 𝑥 = 𝑎−1𝑦 ∈ 𝑁 𝑎𝑛𝑑 𝑦 = 𝑎𝑥. 𝑇ℎ𝑢𝑠 𝑦 ∈ 𝑎𝑁. 
 So [𝑎] ⊂ 𝑎𝑁.  𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑙𝑦 𝑎𝑁 = [𝑎]. 

(v) Defined a relation on 𝐺 𝑁⁄  by: 

[𝑎] ≤ [𝑏] 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑎 ≤ 𝑏. 
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First, we will show that the relation is well-defined, i.e. 
 If  [𝑎] ≤ [𝑏] and  𝑎′ ∈ [𝑎], 𝑏′ ∈ [𝑏], we shall show that 

 [𝑎′] ≤ [𝑏′]. We have  

Definition 3.5. [7]: let 

𝐺 𝑏𝑒 𝑎 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑦 𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑔𝑟𝑜𝑢𝑝  𝑎𝑛𝑑 𝑙𝑒𝑡 𝑥𝜖𝐺. 𝑡ℎ𝑒𝑛 

I. 𝑥 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑜𝑟 𝑖𝑛𝑒𝑔𝑟𝑎𝑙  𝑖𝑓 𝑥 ≥ 𝑒. 
II. 𝑥 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑠𝑡𝑟𝑖𝑐𝑡𝑎𝑙𝑦 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑜𝑟 𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 , 𝑖𝑓 𝑥 > 𝑒 . 

III. 𝑥 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑓 𝑥 ≤ 𝑒. 

Definition 3.6. [7]: let 𝐺 𝑏𝑒 𝑎 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑦 𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑔𝑟𝑜𝑢𝑝, 𝑡ℎ𝑒 𝑠𝑒𝑡  
𝐺+ = 𝑈(𝑒) = {𝑥 ∈ 𝐺: 𝑥 ≥ 𝑒} of all positive (integral) elements of G is 

denoted  

𝑏𝑦 𝑝(𝐺) 𝑜𝑟, 𝑠𝑖𝑚𝑝𝑙𝑦, 𝑃 𝑎𝑛𝑑 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑒(𝑜𝑟 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙)𝑜𝑓 𝐺 

Lemma 3.7. let 𝐺 𝑏𝑒 𝑎 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦  ordered group then the following 

statement are equivalent. 
(𝑖) 𝑎 ≤ 𝑏. 

(𝑖𝑖)𝑏𝑎−1 ∈ 𝑃. 
𝑎−1𝑏 ∈ 𝑃. 

𝑊ℎ𝑒𝑟𝑒 𝑃 = {𝑥 ∈ 𝐺: 𝑥 ≥ 𝑒} 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑒 𝑜𝑓 𝐺.  
Proof. Suppose statement 1 holds. This means 𝑎 ≤ 𝑏 . Multiply by 

𝑎−1 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡, 𝑤𝑒 𝑔𝑒𝑡  
𝑎𝑎−1 ≤ 𝑏𝑎−1, 𝑖. 𝑒 𝑏𝑎−1 ≥ 𝑒. 𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑏𝑎−1 ∈ 𝑃. 

    Suppose statement 2 holds. This means 𝑏𝑎−1 ≥
𝑒, 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑦 𝑎 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡, 𝑤𝑒 𝑔𝑒𝑡 𝑏 ≥ 𝑎. 

This means 𝑎−1𝑏 ∈ 𝑃. 
    Suppose statement 3 holds. This means 𝑎−1𝑏 ≥

𝑒, 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑦 𝑎 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑙𝑒𝑓𝑡 𝑤𝑒 𝑔𝑒𝑡 𝑏 ≥ 𝑎 

Theorem 3.8 [13] 

𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑔𝑟𝑜𝑢𝑝.  𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒  
𝑐𝑜𝑛𝑒 𝑃 𝑜𝑓 𝐺  𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠:  
(𝑖)𝑃𝑃 ⊆ 𝑃. 

(𝑖𝑖) 𝑃 ∩ 𝑃−1 = {𝑒}. 

(𝑖𝑖𝑖) 𝑥−1𝑃𝑥 ⊆ 𝑃 (𝑜𝑟, 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦 𝑥𝑃𝑥−1 ⊆ 𝑃)𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝐺. 
Proof.  𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 (𝑖).  𝑙𝑒𝑡 𝑥, 𝑦 ∈ 𝑝 𝑡ℎ𝑒𝑛 𝑥 ≥ 𝑒 𝑎𝑛𝑑 𝑦 ≥

𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡   
 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦 𝑏𝑦 𝑦, 𝑤𝑒 𝑔𝑒𝑡 𝑥𝑦 ≥ 𝑦 𝑎𝑛𝑑 𝑦 ≥ 𝑒. 𝑇ℎ𝑒 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 𝑜𝑓 ≤ 

𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡 𝑥𝑦 ≥ 𝑒. 𝐻𝑒𝑛𝑐𝑒 𝑥𝑦 ∈ 𝑃 𝑎𝑛𝑑 𝑃𝑃 ⊆ 𝑃. 

 𝑇𝑜 𝑝𝑟𝑜𝑣𝑒 (𝑖𝑖). 𝑙𝑒𝑡 𝑥, 𝑦 ∈ 𝑝 𝑡ℎ𝑒𝑛 𝑥 ≥ 𝑒 𝑎𝑛𝑑 𝑒 = 𝑒−1 ∈ 𝑃−1. 𝑇ℎ𝑒𝑛  
{𝑒}  ⊆ 𝑃 ∩ 𝑃−1. 𝐴𝑙𝑠𝑜  𝑃 ∩ 𝑃−1 ⊆

{𝑒} 𝑤ℎ𝑖𝑐ℎ 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑓𝑎𝑐𝑡 𝑡ℎ𝑎𝑡  
𝑥 ∈ 𝑃 ∩ 𝑃−1, 𝑡ℎ𝑒𝑛 𝑥 ∈ 𝑃 𝑎𝑛𝑑 𝑥 ∈ 𝑃−1. 𝑇ℎ𝑒𝑛 𝑥 ∈ 𝑃 𝑎𝑛𝑑 𝑥−1 ∈ 𝑃, 𝑖. 𝑒 𝑥 ≥ 𝑒  
 𝑎𝑛𝑑  𝑥−1 ≥ 𝑒.  𝑇ℎ𝑒𝑛 𝑥 ≥ 𝑒 𝑎𝑛𝑑, 𝑜𝑛 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑥−1 ≥ 𝑒  
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𝑏𝑦 𝑥, 𝑒 ≥ 𝑥. 𝑇ℎ𝑒 𝑎𝑛𝑡𝑖𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 𝑜𝑓 ≤ 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑥 = 𝑒, 𝑖. 𝑒  
𝑃 ∩ 𝑃−1 ⊆ {𝑒}.  𝑇ℎ𝑢𝑠 𝑃 ∩ 𝑃−1 = {𝑒}. 

To prove(iii) we first note that if 𝑦 ∈ 𝑥𝑃𝑥−1, 𝑡ℎ𝑒𝑛 𝑥−1𝑦𝑥 ∈ 𝑃. 
𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑥−1𝑦𝑥

≥ 𝑒 𝑚𝑢𝑙𝑖𝑝𝑙𝑦 𝑏𝑦 𝑥 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑟𝑖𝑔ℎ𝑡 𝑎𝑛𝑑 𝑥−1𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑙𝑒𝑓𝑡, 
 𝑤𝑒 𝑔𝑒𝑡 𝑦 ≤ 𝑒. 𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑦 ∈ 𝑃. 𝐶𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑙𝑦 𝑥−1𝑃𝑥 ⊆ 𝑃. 

Example. Let G be the additive group of complex numbers and define  

𝑥 + 𝑖𝑦 ≤ 𝑢 + 𝑖𝑣 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥 ≤ 𝑢 𝑎𝑛𝑑 𝑦 ≤ 𝑣. 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑒 𝑃
= {𝑥 + 𝑖𝑦: 𝑥 ≥ 0, 𝑦 ≥ 0}.  𝑂𝑛𝑒 𝑚𝑎𝑦 𝑐𝑒𝑟𝑡𝑖𝑎𝑛𝑙𝑦 𝑠𝑎𝑦 𝑡ℎ𝑎𝑡  

(i) 𝑃 + 𝑃 ⊆ 𝑃. 
(ii) 𝑃 ∩ 𝑃−1 = {0}, 𝑎𝑛𝑑  
(iii)  𝑥 + 𝑃 − 𝑥 ⊆ 𝑃( 𝑜𝑟, 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦 − 𝑥 + 𝑃 + 𝑥 ⊆ 𝑃) 𝐹𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈

𝐺. 𝐼𝑛 𝑓𝑎𝑐𝑡, 〈⊆〉 𝑐𝑎𝑛 𝑏𝑒 𝑟𝑒𝑝𝑙𝑎𝑐𝑒𝑑 𝑏𝑦〈=〉 𝑖𝑛 (𝑖) 𝑎𝑛𝑑 (𝑖𝑖𝑖).  
As a corollary of the above theorem  

Theorem 

3.9.𝑇ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑒 𝑜𝑓 𝑎 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝐺 ℎ𝑎𝑠 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 

𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠 
(𝑖) 𝑃 𝑖𝑠 𝑎 𝑠𝑒𝑚𝑖𝑔𝑟𝑜𝑢𝑝 

(𝑖𝑖)𝑃 𝑖𝑠 𝑎 𝑛𝑜𝑟𝑚𝑎𝑙 𝑖𝑛 𝐺 

Corollary 3.10. 

𝑖𝑓 𝑃 𝑖𝑠 𝑡ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑒 𝑜𝑓 𝑎 𝑝𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑜𝑟𝑑𝑒𝑟𝑒𝑑 𝑔𝑟𝑜𝑢𝑝 𝐺 𝑡ℎ𝑒𝑛: 
(𝑖) 𝑃𝑃 = 𝑃. 
(𝑖𝑖) 𝑥𝑃𝑥−1 = 𝑃 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝐺. 

𝑃𝑟𝑜𝑜𝑓. (𝑖) 𝐹𝑟𝑜𝑚 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.4.4 𝑃𝑃 ⊆ 𝑃. 𝐼𝑓 𝑥 ∈ 𝑃 𝑡ℎ𝑒𝑛 𝑥 = 𝑒𝑥 
∈ 𝑃𝑃. 𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑃 ⊆ 𝑃𝑃. 𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑃 ⊆ 𝑃𝑃. 

(𝑖𝑖) 𝐹𝑟𝑜𝑚 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 2.4.4 𝑥𝑃𝑥−1 ⊆ 𝑃. 𝐼𝑓 𝑝 ∈ 𝑃, 𝑡ℎ𝑒𝑛 𝑝
≥ 𝑒. 𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑦 𝑏𝑦 𝑥−1 𝑎𝑛𝑑 𝑥, 𝑤𝑒 𝑔𝑒𝑡 𝑥−1 

𝑝𝑥 ≥ 𝑒. 𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑥−1𝑝𝑥 ∈ 𝑃, 𝑡ℎ𝑒𝑛 𝑥 (𝑥−1𝑝𝑥)𝑥−1 ∈ 𝑥𝑃 𝑥−1. 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝑃
⊆ 𝑥𝑃 𝑥−1. 𝑇ℎ𝑢𝑠 𝑃 =  𝑥𝑃 𝑥−1.   

Theorem 3.11.  let G be a group and p a nonempty subset of G and defined 

a relation ≤  on G by a ≤  b if and only if 𝑎 𝑏−1 ∈ 𝑝.  Then: 

(i) ≤  is reflexive if and only if 𝑒 ∈ 𝑝.  
(ii) ≤ is antisymmetric if and only if 𝑝 ∩  𝑝−1 ⊆ {𝑒}. 

 (iii)≤ is a transitive if and only if 𝑝𝑝 ⊆ 𝑝  
(iv) the monotony law i.e. the condition 

 (𝑎 ≤ 𝑏 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑥𝑎𝑦 ≤ 𝑥𝑏𝑦 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝐺)  ℎ𝑜𝑙𝑑𝑠 𝑖𝑓𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓  
𝑥𝑝𝑥−1 ⊆ 𝑝 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝑔  

Proof.  

(i) Suppose ≤  is reflex then 𝑎 ≤ 𝑎 for all 𝑎 ∈ 𝐺. This means 𝑎𝑎−1 ∈
𝑃e. e ∈ 𝑃.  
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Conversely if e ∈ 𝑃, then for any   𝑎 ∈ 𝐺,   𝑒 = 𝑎𝑎−1 ∈ 𝑃. Therefore 𝑎 ≤
𝑎, and thus ≤ is reflexive. 

𝑏−1 ≤ 𝑎, 𝑡ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑎(𝑏−1)−1 ∈ 𝑃, 𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑙𝑦 𝑎𝑏 ∈ 𝑃. 𝑆𝑖𝑛𝑐𝑒 𝑎, 𝑏,
∈ 𝑃 𝑎𝑟𝑒 𝑎𝑟𝑏𝑖𝑡𝑟𝑎𝑟𝑦, 𝑡ℎ𝑒𝑛 𝑃𝑃 ⊆ 𝑃. 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦, 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑃𝑃
⊆ 𝑃. 𝐼𝑓 𝑎 ≤ 𝑏, 𝑏 ≤ 𝑐, 𝑡ℎ𝑒𝑛 𝑏𝑎−1 ∈ 𝑃, 𝑐𝑏−1

∈ 𝑃, 𝑎𝑛𝑑 𝑠𝑜 𝑐𝑏−1𝑏𝑎−1 = 𝑐𝑎−1 ∈ 𝑃𝑃 ⊆ 𝑃. 𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑎
≤ 𝑐 𝑎𝑛𝑑 𝑠𝑜 𝑡ℎ𝑒 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒. 

(iv) The condition (a≤ b implies 𝑥𝑎𝑦 ≤ 𝑥𝑏𝑦) holds if and only if the 

condition 𝑏𝑎−1 ∈ 𝑃  implies (xby) (𝑥𝑎𝑦)−1 ∈ 𝑃  holds, This is equivalent to 
𝑏𝑎−1 ∈ 𝑃 implies x(𝑏𝑎−1)𝑥−1 ∈ 𝑃. This condition is clearly true if 𝑥𝑃𝑥−1 ⊆
𝑃. Conversely id the monotony law holds, i.e the condition 𝑏𝑎−1 ∈ 𝑃 implies 
x(𝑏𝑎−1)𝑥−1 ∈ 𝑃 holds, then, since every element b of P is of the form 𝑏𝑎−1 ∈
𝑃 where 𝑎 = 𝑒, we have 𝑥(𝑏𝑎−1)𝑥−1 = 𝑥(𝑏)𝑥−1 ∈ 𝑃 which means 𝑥𝑃𝑥−1 ⊆
𝑃. 

In the above theorem, the condition 𝑏𝑎−1 ∈ 𝑃  can be replaced by 
𝑎−1𝑏 ∈ 𝑃 to obtain the following : 

Theorem3.12.

 𝐿𝑒𝑡 𝐺 𝑏𝑒 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑎𝑛𝑑 𝑃 𝑎 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐺 𝑎𝑛𝑑 𝑑𝑒𝑓𝑖𝑛𝑒𝑑  
𝑎 𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 ≤ 𝑜𝑛 𝐺  𝑏𝑦 𝑎 ≤ 𝑏 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑎−1𝑏 ∈ 𝑃, 𝑡ℎ𝑒𝑛 

(𝑖)  ≤ 𝑖𝑠 𝑟𝑒𝑓𝑙𝑒𝑥𝑖𝑣𝑒 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑒 ∈ 𝑃. 
(𝑖𝑖)  ≤ 𝑖𝑠 𝑎𝑛𝑡𝑖𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑃 ∩ 𝑃−1 ⊆ {𝑒}. 

(𝑖𝑖𝑖)  ≤ 𝑖𝑠 𝑡𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑃𝑃 ⊆ 𝑃. 
(𝑖𝑣) 𝑇ℎ𝑒 𝑚𝑜𝑛𝑜𝑡𝑜𝑛𝑦 𝑙𝑎𝑤(𝑖. 𝑒 𝑇ℎ𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝑎 ≤ 𝑏 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑥𝑎𝑦

≤ 𝑥𝑏𝑦) ℎ𝑜𝑙𝑑𝑠 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑥𝑃𝑥−1 ⊆ 𝑃. 
Proof. Similar to the proof of the above theorem. 
Example. Let G=R/{0} and 𝑃 = [1, ∞), then 𝑃 satisfies the following 

statements: 
4. The Existence of Nonnegativity Domains: 

Definition 4.1. 𝐴 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐴 𝑜𝑓 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑋 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑛 −
𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 

𝑛 ∈ 𝑁 𝑖𝑓 𝑥𝑛 = 𝑒 𝑖𝑚𝑝𝑙𝑖𝑒𝑠  𝑥 = 𝑒  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝐴.  𝐸𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦, 𝑖𝑓 𝑥
∈ 𝐴 − {𝑒}  

𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑥𝑛 ≠ 𝑒.  

Remark. If we defined 

 𝑋𝑛 = {𝑥 ∈ 𝑋; (𝑥)𝑛 = 𝑒}, 𝑡ℎ𝑒𝑛 𝑋 𝑖𝑠 𝑛 −
𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒 𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 

 𝑋𝑛 = {𝑒} .  𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 {𝑒} ∪ (𝑋\𝑋𝑛)𝑖𝑠 𝑡ℎ𝑒 𝑙𝑎𝑟𝑔𝑒𝑠𝑡  
𝑛 − 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑋. 

Example. 𝑖𝑓 𝐴 =
{1, −1, 𝑖, −𝑖}𝑖𝑠 𝑎 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑎𝑙𝑙  
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𝑛𝑜𝑛𝑧𝑒𝑟𝑜 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟𝑠.  𝑆𝑖𝑛𝑐𝑒 𝑥 ∈ 𝐴 − {1}𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑥2𝑘+1 ≠
1, 𝑡ℎ𝑒𝑛 𝐴 𝑖𝑠     

2𝑘 + 1 − 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘.  𝐵𝑢𝑡 𝐴 𝑖𝑠 𝑛𝑜𝑡 2𝑘 − 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒 𝑎𝑠
− 1 ∈ 𝐴 − {𝑒}  

𝑎𝑛𝑑(−1)2𝑘 = 1.        
Example. 𝑖𝑓 𝐵 =

{1, 𝑖, −𝑖} 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑎𝑙𝑙  
𝑛𝑜𝑛𝑧𝑒𝑟𝑜 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟𝑠. 𝑆𝑖𝑛𝑐𝑒 𝑥 ∈ 𝐵 − {1} 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑥4𝑘 = 1,

𝑡ℎ𝑒𝑛 𝐵 𝑖𝑠 𝑛𝑜𝑡   
4𝑘 − 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒 

𝐵𝑢𝑡 𝑥4𝑘+1 = 𝑥 ≠ 1, 𝑥4𝑘+2 = 𝑥2 = −1 ≠ 1, 𝑥4𝑘+3 = 𝑥3 = −𝑥 ≠ −1,
𝑡ℎ𝑒𝑛 𝐵 𝑖𝑠 4𝑘 + 1,4𝑘 + 2,4𝑘 + 3 − 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒.  

Theorem 4.2. 𝑖𝑓 𝑎 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑥 ℎ𝑎𝑠 𝑎 𝑛𝑜𝑛 −
𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛, 

𝑡ℎ𝑒𝑛 𝐴 𝑖𝑠  2 − 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒. 
𝑃𝑟𝑜𝑜𝑓. 𝑆𝑖𝑛𝑐𝑒 𝐷 𝑖𝑠 𝑎 𝑛𝑜𝑛

− 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛 𝑜𝑓 𝐴 𝑎𝑛𝑑 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑥 ∈ 𝐴, 
𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥2 = 𝑒, 𝑡ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 𝑥 = 𝑥−1.  𝑆𝑖𝑛𝑐𝑒 𝐴

= 𝐷 ∪ 𝐷−1 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑒𝑖𝑡ℎ𝑒𝑟  
𝑥 ∈ 𝐷 𝑜𝑟 𝑥 ∈ 𝐷−1. 𝐼𝑓 𝑥 ∈ 𝐷, 𝑠𝑖𝑛𝑐𝑒 𝑥−1 = 𝑥 𝑤𝑒 𝑎𝑙𝑠𝑜 ℎ𝑎𝑣𝑒 𝑥−1

∈ 𝐷, 𝑖 . 𝑒 𝑥 ∈ 𝐷−1, 
𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦, 𝑖𝑓 𝑥 ∈ 𝐷−1, 𝑠𝑖𝑛𝑐𝑒 𝑥−1 ∈ 𝐷−1𝑖. 𝑒 𝑥 ∈ 𝐷. 𝐶𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑙𝑦  

𝑥 ∈ 𝐷 ∩ 𝐷−1 ⊆ {𝑒}, 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑥 = 𝑒. 
Example. 

𝐼𝑓 𝐴 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑣𝑒 𝑔𝑟𝑜𝑢𝑝 𝑜𝑓 𝑎𝑙𝑙 𝑛𝑜𝑛𝑧𝑒𝑟𝑜 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 

𝑛𝑢𝑚𝑏𝑒𝑟𝑠 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 − 1
∈ 𝐴 , 𝑡ℎ𝑒𝑛 𝐴 ℎ𝑎𝑠 𝑛𝑜 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦 𝑑𝑜𝑚𝑎𝑖𝑛.  𝐼𝑡 𝑖𝑠 

𝑒𝑛𝑜𝑢𝑔ℎ 𝑡𝑜 𝑛𝑜𝑡𝑒 𝑜𝑛𝑙𝑦 𝑡ℎ𝑎𝑡 (−1)2 = 1, 𝑏𝑢𝑡 − 1
≠ 1.  𝑇ℎ𝑢𝑠 , 𝐴 𝑖𝑠 𝑛𝑜𝑡 2 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒 

Theorem  

4.3.  𝐼𝑓 𝑎 𝑖𝑠 𝑎 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑 2 −
𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑋 l 

𝑎𝑛𝑑 𝐵 𝑖𝑠 𝑎𝑛 𝑎𝑛𝑡𝑖 − 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑜𝑓 𝐴 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎 𝑛𝑜𝑛
− 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑖𝑡𝑦      
𝑑𝑜𝑚𝑎𝑖𝑛 𝐷 𝑜𝑓 𝐴 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐵 ⊆ 𝐷. 

𝑃𝑟𝑜𝑜𝑓. 𝐿𝑒𝑡 𝒟 𝑏𝑒 𝑡ℎ𝑒 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜𝑓 𝑎𝑙𝑙 𝑎𝑛𝑡𝑖
− 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑢𝑏𝑠𝑒𝑡𝑠 𝐷 𝑜𝑓 𝐴 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 
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(14 ) 
 

𝐵 ⊂ 𝐷.  𝑇ℎ𝑖𝑠 𝑚𝑒𝑎𝑛𝑠 , 𝐵 ∈ 𝒟, 𝑎𝑛𝑑 𝑡ℎ𝑢𝑠 𝒟
≠ ∅.  𝑀𝑜𝑟𝑒𝑜𝑣𝑒𝑟, 𝑠𝑖𝑛𝑐𝑒 𝑡ℎ𝑒 𝑢𝑛𝑖𝑜𝑛 𝑜𝑓 𝑎  

𝑑𝑖𝑟𝑒𝑐𝑡𝑒𝑑 𝑓𝑎𝑚𝑖𝑙𝑦 𝑜𝑓 𝑎𝑛𝑡𝑖 − 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑢𝑏𝑒𝑡𝑠 𝑜𝑓 𝑋 𝑖𝑠 𝑎𝑙𝑠𝑜 𝑎𝑛𝑡𝑖
− 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 , 

𝑡ℎ𝑒𝑛 𝒟 𝑖𝑠, 𝑖𝑛 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟, 𝑖𝑛𝑑𝑢𝑐𝑡𝑖𝑣𝑒. 𝐵𝑦 𝑍𝑜𝑟𝑛′𝑠 𝐿𝑒𝑚𝑚𝑎, 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑚𝑎𝑥𝑖𝑚𝑎𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡 

𝐷 𝑜𝑓 𝒟 

 𝑠𝑖𝑛𝑐𝑒 𝐷 𝑖𝑠 𝑎𝑛 𝑎𝑛𝑡𝑖 − 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐴 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝐵 ⊂
𝐷 𝑎𝑛𝑑  

𝐷 ∪ 𝐷−1 ⊂ 𝐴 ∪ 𝐴−1 = 𝐴.  𝑇𝑜 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝐴
⊂ 𝐷 ∪ 𝐷−1, 𝑓𝑜𝑟 𝑡ℎ𝑖𝑠 𝑎𝑠𝑠𝑢𝑚𝑒 𝑜𝑛 𝑡ℎ𝑒  

𝑐𝑜𝑛𝑡𝑟𝑎𝑟𝑦 𝑡ℎ𝑎𝑡 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 𝑥 ∈ 𝐴 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥 ∉ 𝐷 𝑎𝑛𝑑 𝑥−1

∉ 𝐷.  𝐷𝑒𝑓𝑖𝑛𝑒 

𝐸 = 𝐷 ∪ {𝑥}. 𝑇ℎ𝑒𝑛 𝑤𝑒 ℎ𝑎𝑣𝑒 𝐵 ⊆ 𝐸 ⊆ 𝐴. 
𝑀𝑜𝑟𝑒𝑜𝑣𝑒𝑟, 𝑖𝑓 𝑦 ∈ 𝐸 ∩ 𝐸−1, 𝑖. 𝑒,

𝑦 ∈ 𝐷 ∪ {𝑥} 𝑎𝑛𝑑 𝑦−1 ∈ 𝐷 ∪ {𝑥}, 𝑡ℎ𝑒𝑛 𝑏𝑦  
𝑒𝑥𝑎𝑚𝑖𝑛𝑖𝑛𝑔 𝑡ℎ𝑒 𝑓𝑜𝑢𝑟 𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒 𝑐𝑎𝑠𝑒𝑠 𝑎𝑛𝑑 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑎𝑠𝑠𝑢𝑚𝑝𝑡𝑖𝑜𝑛𝑠 𝑥

∉ 𝐷 𝑎𝑛𝑑 

𝑥−1 ∉ 𝐷, 𝑤𝑒 𝑐𝑎𝑛 𝑠𝑒𝑒 𝑡ℎ𝑎𝑡 𝑒𝑖𝑡ℎ𝑒𝑟 𝑦 ∈ 𝐷 ∩ 𝐷−1 𝑜𝑟 𝑦2 = 𝑒 𝑐𝑎𝑛 ℎ𝑜𝑙𝑑 

𝐵𝑦 𝑡ℎ𝑒 𝑎𝑛𝑡𝑖 − 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 𝑜𝑓 𝐷 𝑎𝑛𝑑 𝑡ℎ𝑒 2
− 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑜𝑓 𝐴, 𝑖𝑡 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑡ℎ𝑎𝑡 

𝑦 = 𝑒 . 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝐸 ∩ 𝐸−1 ⊂ {𝑒}, 𝑡ℎ𝑢𝑠 𝐸
∈ 𝒟 . 𝐻𝑒𝑛𝑐𝑒 𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑚𝑎𝑥𝑖𝑚𝑎𝑙𝑖𝑡𝑦  

𝑜𝑓 𝐷 ⊂ 𝐸 , 𝑤𝑒 𝑐𝑎𝑛 𝑖𝑛𝑓𝑒𝑟 𝑡ℎ𝑎𝑡 𝐸
= 𝐷 , 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛 . 𝑇ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒, 𝑡ℎ𝑒 

𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑎𝑠𝑠𝑒𝑟𝑡𝑖𝑜𝑛 𝑖𝑠 𝑡𝑟𝑢𝑒 . 
Theorem    

4.5. 𝐼𝑓 𝐴 𝑖𝑠 𝑎 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝑎 𝑔𝑟𝑜𝑢𝑝 𝑋 𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔  𝑎𝑠𝑠𝑒𝑟𝑡𝑖𝑜𝑛𝑠  
𝑎𝑟𝑒 Equivalent: 

1. A has a non-negativity domain .  

2. A is symmetric and 2-cancellable .  

𝑃𝑟𝑜𝑜𝑓. 𝑆𝑢𝑝𝑝𝑜𝑠𝑒 (1)ℎ𝑜𝑙𝑑𝑠 𝑏𝑦 𝑇ℎ𝑒𝑜𝑟𝑒𝑚4.2 𝑤𝑒 𝑔𝑒𝑡 𝐴 𝑖𝑠 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐, 𝑎𝑛𝑑 𝑏𝑦 

𝑇ℎ𝑒𝑜𝑟𝑒𝑚 4.3 𝑤𝑒 𝑔𝑒𝑡 𝐴 𝑖𝑠 2 − 𝑐𝑎𝑛𝑐𝑒𝑙𝑙𝑎𝑏𝑙𝑒 𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑒𝑙𝑦, 𝑠𝑖𝑛𝑐𝑒 ∅ 𝑖𝑠 𝑎𝑛  
𝑎𝑛𝑡𝑖
− 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑠𝑢𝑏𝑠𝑒𝑡 𝑜𝑓 𝐴 . 𝑆𝑢𝑝𝑝𝑜𝑠𝑒 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 (2) ℎ𝑜𝑙𝑑 . 𝐵𝑦 𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝐵
= ∅ 

𝑖𝑛 𝑇ℎ𝑒𝑜𝑟𝑒𝑚 4.2 𝑤𝑒 𝑔𝑒𝑡 𝑠𝑡𝑎𝑡𝑒𝑚𝑒𝑛𝑡 (1). 
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